The Acceleration Law Revision 4
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The article The Real Ladder Paradox showed how the acceleration of an object with length can
be influenced by the Law of Conservation of Energy. This should be just a geometry analysis, so
why is energy involved? This is an indication that energy and geometry are linked at some
fundamental level. To explore this idea further, the length contraction process during

acceleration will be examined n detail.

Definition of Terms

Figure 8 shows an object accelerating relative to inertial reference frames 1 and o.

Object

Figure 8. Single point object accelerates relative to frame 1.

Frame o is moving with velocity £ relative to frame i. Constant acceleration & 1s “felt” by

observers on the object. The acceleration starts from coordinate zero in frame 1 and at time zero
for clocks on the object and both reference frames. The speed of light is c. The acceleration of
the object relative to frame i can be found from the familiar velocity addition formula of Special

Relativity. If f;and g, are the relativistic velocities of the object relative to frame 1 and o, then:

acceleration
(:( —
C C

_ velocity

p

B+,
1+ BB, o

Differentiating (9) gives:
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If ¢, and ¢, are clock readings and x;and x, are coordinates in frame 1 and frame o, then:

tfzrﬂ +x,0/c (11)

J1- 52

Knowing that ¢f, =dx, /dt,, differentiating (11) gives:

a;, 1+ pp, (12)
V-5
Sincex = (jf , combining (10) and (12) gives:
/2
o; = ( P )3 (13a)
(1+88,)
o =ﬂ.’ﬂ(] —,32)”2 (139)

Equation (13a) is the general result for the acceleration seen by frame 1. However, the interesting
case is when the object is stationary in frame o ( S, =0). This is (13b). The subscript “1° will

now be dropped for quantities measured in frame 1 and the frame 1 acceleration 1s denoted as « to
indicate this is a general observed acceleration of any object traveling with speed S .

When an object undergoes a constant proper acceleration &, , (13b) can now be used to generate

general expressions for quantities seen by frame i. The clock reading in frame 1 will be 7.
Assuming the object starts accelerating in frame 1 from coordinate zero at time zero, velocity as a
function of time 1s:

a1
(14a)
\f 1+ (0: r)z
ol = p (14b)
V1-p’
The distance traveled by the object is x and is determined from the relation ¢ff = oy
[
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x = gi[\]l t(a, 1) - 1} (15)

The clock reading on the object is # . It is found from the relationdt,, = dt\/ 1— B~ .

[ o= —l-ln[cxﬂr e Jl +(a,t,) } (16)

0

Definition of the proper acceleration model

The acceleration of a rod (object with length) will be modeled as an acceleration of two
independent single point objects placed at the ends of the rod. Assume these two objects start at
coordinates zero and L in inertial frame i, and they accelerate identically and simultaneously to a
given velocity £ . Each object will travel a distance x as given by (15). At the end of the

acceleration, frame i will see each object arrive simultaneously at velocity f# then stop
accelerating. Frame 1 will still see them a distance L apart.

Now assume that a second inertial reference frame ii is traveling by at velocity £ . This

L
V1= 5
rod that connects the objects must stretch to accommodate their stationary positions in frame 1i.
The total energy required to accelerate the rod will be the kinetic energy required for the change
in velocity and additional energy to stretch the rod. The hypothesis is now stated that the proper
acceleration model for an object with length does not involve any stretching or compressing of
the object during the acceleration. This model will require that only the kinetic energy necessary
for the velocity change be expended. Since a rod with identical accelerations at each end will
stretch during acceleration, this means that the proper acceleration model will require the objects
at the ends of the rod to have different accelerations as the rod changes velocity.

reference frame will see the objects a distance apart after they finish accelerating. The

Accelerating an object with length

The object with length is two single point objects A and B at the ends of a rod. See Figure 9.
Object B has constant acceleration «rp and object A has constant acceleration « 4 as telt by

observers on the objects. Object B starts accelerating from coordinate zero in frame 1 and object
A starts from coordinate L. Frame i sees both objects accelerate to velocity S , but it takes each a

different amount of time because each has a different acceleration. Both objects and frame 1 start
the experiment at clock readings of zero. The frame i time for object A and object B to get to

velocity S 1s ¢, and ¢5.

(17)

Xyl =Cplg =

i
Ji-52

In addition, if x , is the distance traveled by object A as it gets to velocity £ and xj 1s the
distance traveled by object B as it gets to velocity £, then:
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Figure 9. Acceleration of rod with single point objects A and B at the ends.

At the instant each object reaches velocity S , the object clocks read 7, and 7 ;.

X ylog =Cplop (19)

With this information, the length contraction process during acceleration can be examined. Both
objects start accelerating simultaneously, but frame 1 sees object B finish first at time 7, . From

that point forward, object B will travel with constant velocity £ . Object A finishes accelerating
at time ¢ ,. In the time interval 7 , — 7, object B will travel distance fc(t, —t5). Two separate
equations can be written for the length D that frame 1 sees for rod length when 1t reaches velocity

p.

D=L1- B> (20a)

D=(x,+L)—(xz + Beclt, —13)) (20b)

Solving (20):

A
4 3
|

XB:{IL(\/l‘F'({IBIB)Z —1]2{:: .\/1 52 —1
b BNL- J

[ 5 k!

petp = - £ -
“B k\/l‘ﬁ y
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ay=—"—~ (21)
[

C

If object A has acceleration « 4 as given by (21), then the rod connecting the two objects will not

be stretched or compressed from its original length L when it becomes stationary in frame 11.
This is the Special Relativity Law of Acceleration.

View of experiment from reference frame u

The experiment of figure 9 will now be shown from the viewpoint of reference trame 11. See
figure 10, where frame 11 1s stationary and frame 1 is passing by with velocity £ in the minus

direction. The two origins coincide in the view shown by figure 10 when both origin clocks read

zero. The coordinate L in frame 1 1s opposite is opposite coordinate L\/ 1— A% in frame ii, but this

is not the starting point of object A in the experiment. The clock readings of both objects begin
the experiment with a reading of zero in frame 1. But, because frame 11 sees object A trailing
object B, its clock reading at the moment shown is not zero. Due to ‘failure of simultaneity at a
distance’, frame 11 sees the experiment start when the object A clock reads zero at frame 11 time

— LB L
£ = . Th
c\fl — B? Jl—ﬁ’z )

view shown in figure 10 is not quite correct at the instant where the origins coincide, as object A
has already started accelerating and is no longer at coordinate L .

. At this point, object A is located at frame 1i coordinate x;, =

L(1_/))2)1/2

Figure 10. Frame ii view of experiment, around the start of the accelerations.

If a single object feels constant acceleration ¢, , frame 11 will see acceleration «;; .

ay=a,li- )" 22)
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i ={xﬂ(1 —;32)3;2 (22)

This equation is used to derive expressions for the velocities §;;,and S,z of objects A and B as

seen by frame ii. Before considering the thought experiment where frame 11 watches objects A
and B decelerate from frame i, consider the case where the objects are initially stationary in frame

ii and accelerate to velocity B . Object A would require time period t;; =7 4 and object B would

require time period ¢; =1, . So, decelerating from — £ to zero at the same acceleration would
also take these same time periods. When frame ii watches the deceleration of the objects, object

~ LB
cy1- B

. Object B has a velocity of — f at time ¢;; =0 and will have a velocity of

and will have a velocity of zero at time

A has a velocity of — f at time ¢;; =

L
bii =ty — )8 =
c\/l—ﬁ

zero attime ¢, =ty. P, and B, are the velocities seen by frame ii at any time #; during the
acceleration. To shorten the equations, dummy variable 7" is introduced.

L
Ty=ty- g il
c\/1—/3’

I'p=tp —1
—a 41
Fug~—ea L @239)
\/l'i'(aATA)
—apl
ﬁﬁﬁ = g (23b)

The coordinate positions of objects A and B are x,;, and x;;. The distance needed to accelerate
to velocity S is x ,by object A and x by object B. The initial position of object A in frame 11 is

o L —iLp L
77
J1- 2 eyl - B2 J1-p?
i =ty — J P = The initial position of object B is x;; =0 at time 7;; =0 and the final
call—f

position is x;; =—xp attime ¢;; =t . Therefore:

at time ¢; = and the final position is x;;; =—x 4 + at time

a4 a J1- B2
X;iB S \/1+('51'BT5)2 st \h‘*(@B’fﬁ)z (24b)
{IB EZB
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To find the clock readings on the objects as seen by frame ii, the starting point is the time rate
equations for objects A and object B.

di i =di; \/ 1— B, = ! (25a)
\/ 1+ (ﬁ' ey )2
dt,p = dt;; \f - Big = il (25b)

\/1 +(apTy )2

From (25), the clock readings of objects A and B are {,, and ¢ ;.

{4 :i-]n[aAtA +\/l -i-(aAfA)z}——l—lu[chTA +\/1+(QATA)2} (26a)
& 4 & 4

{5 :ﬂim[aﬁrg +J1+(a3f3)2 il—'ai—ln[afﬂTB +\ﬁ+ (QBTH)2:| (26b)
B B

These equations can be used to show the exact states of objects A and B at any frame 11 clock
reading ¢,;. Before doing this, (17) will be reconfigured.

[ A
ap p
Xyl 4 = Ly =
4282 1=
\ e J
L L
J- g% ey1-p2 ey1- B2
L
=ty ~—— 27)
c‘:\h—ﬂ

The clock reading ¢,, =t is the same as the clock reading ¢, =7, — . Object A

Lp
r:\/ I
reaches velocity zero in frame ii at the same instant as object B. Putting these clock readings into

(24) gives the coordinate positions of object A and object B at the instant they become stationary
in frame ii. The difference in these coordinate positions is the length of the rod in frame 11.

Zﬂﬂgfh: u — = ‘J]‘F([IAIA)E + L — ‘i—i‘\/l—l‘(&:ﬂfi;)z (28)
& 4 aq 4 ‘\/1—,82 X p dp )

Simplifying (28):
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, L, \1/2
length = - 0|1+ p -1
J1- B2 -

length = L (29)

Objects A and B become stationary in frame ii simultaneously a distance L apart. This satisfies

the requirement of Special Relativity that there are no primary reference frames. Frame i1 and
frame i have a reverse symmetry. If the experiment of frame ii is run in reverse, the result 1s the

equation of motion of the acceleration experiment of frame 1.

The observers on the accelerating rod see the experiment from the point of view of any inertial
reference frame in which they are instantaneously stationary. Velocity f could be any velocity

during the acceleration, so objects A and B constantly see each other a distance L apart during
the acceleration, even though both have different accelerations.

View of clock readings from reference frame 1

[f clock reading ¢,;, =7, and clock reading ¢, =1, — are put into (25), the result 1s:

Lp
ey1- B2
dt,, =dt, (30)

Equations (25) and (30) apply to two independent objects with two independent accelerations. At
the instant object A and object B become stationary in frame i1, they are traveling at the same

velocity, so they have the same rate of time passage. If clock reading ¢, =7, and clock reading

Lp
eyl - B2

they become stationary in frame 11 are:

are put into (26), the clock readings of object A and object B at the instant

L= g —

L
rﬂA—:Dﬂ(Haﬁ ) (1)

C

The result (31) does not include any velocity effects and therefore is true for all velocities.
Equation (31) says that the relative clock readings (and therefore rates) are dependent on

acceleration and L . It is also the same as (19). Special Relativity usually teaches that
acceleration does not influence time rates. What just happened? Is (30) compatible with (31)?

Going back to the basic derivation of Special Relativity, “failure of simultaneity at a distance™ is
automatically tied into the mathematics of time dilation. At the start of the experiment, the clock

readings on the objects (which are moving in the minus direction at velocity /) seen by frame 1i
18:

C
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But note that (32) applies for any velocity f . Differentiating (32) gives:

o plL

Yo _y, (33)
dt ,p %
This is the fundamental expression of relative time flow rates on an object with length. Equation
(30) is correct in stating that time flow proceeds at equal rates on both clocks the instant they
become stationary in frame ii (if time flow is only caused by the objects velocity at the instant
they have no velocity). Equation (31) is also correct because “failure of simultaneity at a
distance” is affecting the clock readings as seen by frame i1, using (32) as a starting point.
Equation (33) shows how the clock readings appear to change during the acceleration as observed
by frame ii at any velocity (due to the change in relative clock readings caused by “failure of
simultaneity at a distance” effects). Equation (33) is also important because it will provide a key
link between dynamics and gravity in the articles on gravity.

Summary

The nature of the acceleration process for objects with length has been revealed with the key
characteristic (21). The view of the acceleration events has been shown, as seen from the
reference frame where the acceleration initiates and from the reference frame to which the
acceleration ends. All reference frames through which the acceleration passes see the
acceleration the same way, with the accelerating object appearing simultaneously stationary
across its entire length and continuing to accelerate as if the acceleration had initiated from that
frame. The acceleration of objects with length is a symmetrical process for acceleration and
deceleration. The Special Theory of Relativity can accommodate this acceleration process
without modification.
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